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ABSTRACT
Within the framework of Kraichnan’s Direct Interaction Approximation (DIA), we pro-
pose an Eulerian turbulence theory providing a closed set of equations for two-time and
single-time velocity correlations, and second order correlations of infinitesimal response ten-
sor Gˆin(k; t, t
′). The proposed theory, namely variant of DIA (VDIA), is consistent with
Kolmogorov’s energy spectrum. The VDIA is further modified to make it compatible with
random Galilean transformation rules. The closed set of equations does not contain equa-
tion for ensemble averaged response tensor Gin(k; t, t
′) = 〈Gˆin(k; t, t′)〉. The present theory
can also be seen as a new remormalized perturbation theory having different method for
renormalization.
PACS: 47.27.Ak, 47.27.eb, 47.27.ef, 47.27.Gs
INTRODUCTION
Kraichnan [1, 2] proposed Direct Interaction Approximation (DIA) as a pioneer renor-
malized perturbation theory (RPT) to solve turbulence closure problem. The DIA has been
of central importance to Kraichnan’s work [3] and many other contibutions in subject tur-
bulence. After DIA, various turbulence theories [3–33] have been proposed by researchers
and many have been reviewed from time to time [25, 34–40].
Kraichnan introduced infinitesimal response tensor in DIA which plays a central role in
achieving closure solution. The DIA solution for homogeneous, isotropic turbulence consists
of closed set of three equations for ensemble averaged response function, single-time and
two-time velocity correlations. The DIA theory is energetically consistent [41] and has
model amplitude equation representation [11, 42]. It accurately predicts decay of isotropic
turbulence at moderate Reynolds number. The DIA and its related theories have been
applied to real turbulent flows [34, 43–47].
However, the DIA failed to reproduce Kolmogorov’s k−5/3 law for energy spectrum [48–
50] which exists at high Reynolds number. The failure is due to divergence of the response
function equation [34] when Kolmogorov’s spectrum is used in it. Such divergence is not
present in DIA equations for single-time and two-time velocity correlations. Yet another
reason for the failure was suggested by Kraichnan [51]. He argued that Eulerian framework
of DIA is unsuited as Eulerian moments can not properly separate and account for two
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different mechanisms: 1) sweeping of small-scale structures by large-scales and 2) intrinsic,
internal distortion of small scales. In particular, DIA is inaccurate in capturing the sweeping
effect [51]. Later, Kraichnan [6] provided mathematical interpretation of the sweeping effect
which is known as invariance under random Galilean transformation (RGT).
In a nutshell, we see two main deficiencies in DIA theory and which are: 1) the existence of
divergence in response function Eq. (21) when Kolmogorov spectrum is substituted in it, and
2) DIA’s incompatibility with random Galilean transformation (RGT). Kraichnan tackled
these deficiencies by implementing DIA in generalized Lagrangian framework which resulted
in a theory known as Lagrangian history direct interaction (LHDI) [6]. The LHDI was
further improved for quantitative prediction, resulting in strain-based Lagrangian-history
direct interaction (SBLHDI) theory [3, 52]. The LHDI is compatible with transformation
rules as provided by RGT [6] and is successfully applied to multiphase turbulence [53,
54]. There are other Lagrangian [22, 31] and semi-Lagrangian [25, 55] theories which are
compatible with Kolmogorov energy spectrum. In particular, semi-Lagrangian theory by
L’vov and his coworkers [28, 29, 55] is most successful in removing the sweeping effect
completely and predicting anomalous scaling. Their theory is in agreement with random
Galilean transformation as it removes the sweeping effect in instantaneous equation for
semi-Lagrangian velocity field.
In the present theory, we seek to obtain a closure solution in Eulerian framework for
properly quantifying internal distortion and sweeping mechanisms simultaneously. This
would allow the theory to be extended to general flow situations where sweeping effect is
equally important. Over a period of time, I have been studying the work of Kraichnan and
I strongly believe that a successful theory of turbulence is hidden within his work. To turn
this belief into reality, as a first step, here we propose an Eulerian theory to tackle two main
deficiencies of DIA theory of central importance.
Now we present basic equations and set of closure equations of DIA. Then we present
the new Eulerian theory, namely variant of DIA (VDIA), its modifications which make it
compatible with RGT and concluding remarks.
3
BASIC EQUATIONS AND DIA CLOSURE EQUATIONS
Navier-Stokes equation and closure problem
Consider a homogeneous, isotropic, incompressible fluid turbulence inside a cubic box of
side D in a reference frame S which is stationary in the laboratory. The Eulerian velocity
field ui(x, t) in physical space-time (x, t) can be expressed in terms of Fourier modes of the
velocity field ui(k, t) by using the Fourier transform
ui(x, t) =
∑
k
ui(k, t) exp(ιk.x), (1)
where ι =
√−1 and summation is taken over all permitted wave-vectors k and subscripts
take the value 1, 2 or 3. The Fourier transform of Navier-Stokes equations governing the
dynamics of ui(x, t) can be written as [2, 34](
∂
∂t
+ νk2
)
ui(k, t) = Mijm(k)
∑
p+q=k
uj(p, t)um(q, t), (2)
and the continuity equation is
kjuj(k, t) = 0. (3)
Here ν is kinematic viscosity of the fluid and
Mijm(k) = − ι
2
[kmPij(k) + kjPim(k)] (4)
and by using Kronecker delta δij, the projector Pij(k) can be written as
Pij(k) = δij − kikj|k|−2. (5)
Denoting the operation of taking an ensemble average by 〈 〉, equations governing the
evolution of two-time velocity correlation
Qin(k,−k; t, t′) = 〈ui(k, t)un(−k, t′)〉 (6)
and single-time velocity correlation
Qin(k,−k; t, t) = 〈ui(k, t)un(−k, t)〉 (7)
can be obtained from Eq. (2) and written as(
∂
∂t
+ νk2
)
Qin(k,−k; t, t′) =Mijm(k)
∑
p+q=k
〈uj(p, t)um(q, t)un(−k, t′)〉, (8)
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and (
∂
∂t
+ 2νk2
)
Qin(k,−k; t, t) =Mijm(k)
∑
p+q=k
〈uj(p, t)um(q, t)un(−k, t)〉
+Mnjm(−k)
∑
p+q=−k
〈uj(p, t)um(q, t)ui(k, t)〉. (9)
These Eqs. (8) and (9) pose well known closure problem of turbulence due to the presence
of unknown third-order velocity correlations.
For homogeneous, isotropic turbulence these correlations can be written as
(
D
2pi
)3
Qin(k,−k; t, t′) = 1
2
Pin(k)U(k; t, t
′), (10)
(
D
2pi
)3
Qin(k,−k; t, t) = 1
2
Pin(k)U(k; t, t), (11)
and equations for U(k; t, t′) and U(k; t, t) can be obtained from Eqs. (8) and (9), respectively.
These equations may be written as
[
∂
∂t
+ νk2
]
U(k; t, t′) = S(k; t, t′), (12)
[
∂
∂t
+ 2νk2
]
U(k; t, t) = 2S(k; t, t), (13)
where
S(k; t, t′) =
(
D
2pi
)3
Mijm(k)
∑
p+q=k
〈uj(p, t)um(q, t)ui(−k, t′)〉 (14)
DIA equations
Kraichnan introduced infinitesimal response tensor Gˆin(k; t, t
′) for Eq. (2) in DIA to solve
closure problem [1, 2]. The governing equation for Gˆin(k; t, t
′) can be written as [34, 35](
∂
∂t
+ νk2
)
Gˆin(k; t, t
′)− 2Mijm(k)
∑
p+q=k
uj(p, t)Gˆmn(q; t, t
′) = Pin(k)δ(t− t′) (15)
For homogeneous, isotropic turbulence, ensemble averaged response tensor can be written
as
Gin(k; t, t
′) = 〈Gˆin(k; t, t′)〉 = Pin(k)G(k; t, t′). (16)
The equation for G(k; t, t′) for t > t′ may be obtained from Eq. (15) and written as[
∂
∂t
+ νk2
]
G(k; t, t′) = C(k; t, t′), (17)
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where
C(k; t, t′) = Mijm(k)
∑
p+q=k
〈uj(p, t)Gˆmi(q; t, t′)〉. (18)
The DIA theory yields closed set of equations for Qin(k,−k; t, t′), Qin(k,−k; t, t),
Gin(k; t, t
′) and provides closure solution for S(k; t, t′) and C(k; t, t′). For homogeneous,
isotropic turbulence, DIA equations for exact Eqs. (12)-(14), (17), (18) may be written as
[2, 34, 56] [
∂
∂t
+ νk2
]
U(k; t, t′) = SDIA(k; t, t′), (19)
[
∂
∂t
+ 2νk2
]
U(k; t, t) = 2SDIA(k; t, t), (20)
[
∂
∂t
+ νk2
]
G(k; t, t′) = CDIA(k; t, t′)= −pik
ˆ ˆ
∆
dpdqpqb(k, p, q)
[
ˆ t
t′
G(k; s, t′)G(p; t, s)U(q; t, s)ds
]
, ∀t > t′. (21)
Here
SDIA(k; t, t′) = pik
ˆ ˆ
∆
dpdqpq
[ˆ t′
0
a(k, p, q)G(k; t′, s)U(p; t, s)U(q; t, s)ds
−
ˆ t
0
b(k, p, q)U(k; t′, s)G(p; t, s)U(q; t, s)ds
]
, (22)
a(k, p, q) =
1
2
(1− xyz − 2y2z2), (23)
b(k, p, q) = (p/k)(xy + z3), (24)
x, y and z are cosines of interior angles opposite of sides k, p and q of a triangle, respectively.
The rhs of Eq. (21) diverges for Kolmogorov’s energy spectrum [34]. The Eqs. (19), (20)
along with Eq. (22) are consistent with Kolmogorov’s energy spectrum and the divergence in
these equations cancels out between two terms present on the rhs of Eq. (22) [34]. According
to S. F. Edwards, in his private communication to Leslie [34], Eq. (21) would have converged
if it had an additional term similar to first term on the rhs of Eq. (22). In the present theory,
such an additional term exists in equation for a function K(k; t, t′) (please see Eqs. (36),
(37)) which replaces DIA Eq. (21).
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PRESENT EULERIAN TURBULENCE THEORY: VARIANT OF DIA
The present theory, namely, variant of DIA (VDIA) utilizes second order correlations of
infinitesimal response tensor Gˆin(k; t, t
′) which are defined as
GGinab(k; t, t
′| − k; t, t′) = 〈Gˆin(k; t, t′)Gˆab(−k; t, t′)〉 (25)
and
GGinab(k; t, t
′| − k; t′′, t′) = 〈Gˆin(k; t, t′)Gˆab(−k; t′′, t′)〉. (26)
For homogeneous, isotropic turbulence, we consider
GGinab(k; t, t
′| − k; t′′, t′) = Pin(k)Pab(−k)GG(k; t, t′|t′′, t′) (27)
and
GG(k; t, t′|t, t′) = [K(k; t, t′)]2 . (28)
Also, we define response correlation function RG(k; t, t′|t′′, t′) for t > t′ and t′′ > t′ as
RG(k; t, t′|t′′, t′) = G
G(k; t, t′|t′′, t′)
K(k; t, t′)K(k; t′′, t′)
. (29)
It should be noted that RG(k; t, t′|t, t′) = 1.
The exact Eqs. for GG(k; t, t′|t, t′) and GG(k; t, t′|t′′, t′) for t > t′, t′′ > t′ may be obtained
from Eq. (15) and written as
(
∂
∂t
+ 2νk2
)
[K(k; t, t′)]
2
= 2L(k; t, t′|t, t′), (30)
(
∂
∂t
+ νk2
)
GG(k; t, t′|t′′, t′) = L(k; t, t′|t′′, t′). (31)
Here
L(k; t, t′|t′′, t′) =Mijm(k)
∑
p+q=k
〈uj(p, t)Gˆmn(q; t, t′)Gˆin(−k; t′′, t′)〉 (32)
Here we should mention that Eijnden [30] analyzed evolution equations for GGinab(k; t, t
′| −
k; t′′, t′), to study joint-statistics of two-particle embedded in a random flow, within the
framework of DIA and his proposed modified-DIA theory.
Now the goal is to obtain VDIA solutions for S(k; t, t′) and L(k; t, t′|t′′, t′). In the present
VDIA theory, usual recipe of DIA with one exception is used to obtain closure equations
for two-time and single-time velocity correlations. As an exception and during last step of
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renormalization, we use second order correlations GG and substitute K(k; t, t′) instead of
G(k; t, t′). So we do not need equation for G(k; t, t′) in VDIA. In general, the following rule
is used in VDIA theory.
Rule 1: All Gs should be replaced by Ks in DIA closure equations for
statistical properties (except for equation for G itself) to obtain corresponding
VDIA closure equations.
Here we should mention that K(k; t, t′) is not affected by random Galilean velocity field vi
and more information is provided later in this paper. The VDIA equations for U(k; t, t′)
and U(k; t, t) can be obtained by replacing all Gs to Ks in DIA Eqs. (19), (20) and (22),
and written as (
∂
∂t
+ νk2
)
U(k; t, t′) = SV DIA(k; t, t′), (33)
(
∂
∂t
+ 2νk2
)
U(k; t, t) = 2SV DIA(k; t, t), (34)
where
SV DIA(k; t, t′) = pik
ˆ ˆ
∆
dp dq pq
[ˆ t′
0
dsa(k, p, q)K(k; t′, s)U(p; t, s)U(q; t, s)
−
ˆ t
0
dsb(k, p, q)U(k; t′, s)K(p; t, s)U(q; t, s)
]
, (35)
Now we discuss equation for K(k; t, t′). Using usual recipe of DIA, the DIA equation
for GGinab(k; t, t
′| − k; t, t′) can be obtained from Eqs. (15), (2) and which is provided in
the Appendix. And from which VDIA equation for GG(k; t, t′|t, t′) can be obtained by first
simplifying the DIA equation for isotropic turbulence and then substituting K(k; t, s) for
G(k; t, s) i.e. by using Rule 1. The final equation for K(k; t, t′) when t > t′ can be written a
(
∂
∂t
+ 2νk2
)
[K(k; t, t′)]
2
= 2LV DIA(k; t, t′|t, t′) (36)
where
LV DIA(k; t, t′|t, t′) = −pi
ˆ ˆ
∆
dpdqkpqb(k, p, q)
ˆ t
t′
dsK(p; t, s)U(q; t, s)GG(k; t, t′|s, t′)
+ 2pi
ˆ ˆ
∆
dp dq kpqa(k, p, q)
[
ˆ t
t′
dsK(k; t, s)U(q; t, s)GG(p; t, t′|s, t′)
]
, (37)
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It should be noted that unknown correlation functions of the type GG(r; t, t′|t′′, t′), i.e.
GG(k; t, t′|s, t′) and GG(p; t, t′|s, t′) appear in Eq. (37). We should mention that Eq. (37) is
valid for t > t′ and s > t′. For s = t′, GG(k; t, t′|s, t′) becomes equal to G(k; t, t′) and thus
should be replaced by K(k; t, t′) in Eq. (37) according to Rule 1. Similarly, when s = t′,
GG(p; t, t′|s, t′) should be replaced by K(p; t, t′). The VDIA equation for GG(k; t, t′|t′′, t′)
which appears in Eq. (37) can be obtained from DIA equation for GGinab(k; t, t
′| − k; t′′, t′).
The derived DIA equation for GGinab(k; t, t
′| − k; t′′, t′) is provided in the Appendix. From
which, the VDIA equation for GG(k; t, t′|t′′, t′) when t > t′, t′′ > t′ can be obtained by
implementing Rule 1. The obtained equation can be written as(
∂
∂t
+ νk2
)
GG(k; t, t′|t′′, t′) = LV DIA(k; t, t′|t′′, t′) (38)
where
LV DIA(k; t, t′|t′′, t′) = −pi
ˆ ˆ
∆
dpdqkpqb(k, p, q)
ˆ t
t′
dsK(p; t, s)U(q; t, s)GG(k; s, t′|t′′, t′)
+ 2pi
ˆ ˆ
∆
dpdqkpqa(k, p, q)
[
ˆ t′′
t′
dsK(k; t′′, s)U(q; t, s)GG(p; t, t′|s, t′)
]
. (39)
We remind that for s = t′, GG(k; s, t′|t′′, t′) and GG(p; t, t′|s, t′) should be replaced by
K(k; t′′, t′) and K(p; t, t′), respectively in Eq. (39). These closed set of equations (33)-(39)
form closure solution for homogeneous, isotropic turbulence as provided by VDIA.
The first term on the rhs of Eq. (37) and (39) is analogous to the term on the rhs of DIA
Eq. (21). The second term on the rhs of Eq. (37) and (39) is analogous to the first term
on the rhs of DIA Eq. (22). This additional second term on the rhs of Eqs. (37) and (39)
cancels out the divergence of the first term in these equations. We must mention that the
VDIA equations are not compatible with RGT. In the next section, we suggest modifications
to these equations so as to make them compatible with RGT. Before that, we now briefly
present the approximate analysis of Eqs.(36) and (37) justifying the absence of divergence.
Approximate Analysis of Equation for K(k; t, t′)
Consider stationary homogeneous, isotropic turbulence which is governed by NS equation
with added forcing term. In case of stationary turbulence, the Eqs. (36), (37) for K(k; t, t′)
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are still valid. Also U(k; t, t) and energy spectrum E(k) are independent of time and are
related by
1
2
U(k; t, t′) =
1
4pik2
E(k)r(k; t, t′), (40)
where r(k; t, t′) = r(k; t − t′) is the time correlation function of the Fourier mode and
r(k; 0) = 1 [2, 57]. Following Kraichnan’s approximate analysis for G equation [34, 57], we
integrate Eqs. (36) and (37) from t− t′ = 0 to t− t′ =∞ and use approximations
K(k; t, t′) = exp[−η(k)(t− t′)], t ≥ t′ (41)
r(k; t, t′) = exp[−ζ(k)(t− t′)], t ≥ t′ (42)
RG(k; t, t′|t′′, t′) ∼= 1. (43)
The resulting equation may be written as
η(k) = νk2 +
k
2
ˆ ˆ
∆
dpdqpq−1E(q)
[
b(k, p, q) {η(p)− η(k)} − η(k)b(k, q, p)
η(p) {η(k) + η(p) + ζ(q)}
]
. (44)
For conditions q ≪ k, E(q) ∝ q−5/3, η(k) ∝ k2/3, ζ(q) ∝ q2/3, the divergence is not present
in the first integral term containing b(k, p, q) on the rhs of Eq. (44) due to the presence
of multiplying factor η(p) − η(k) and the last term containing b(k, q, p) does not have any
divergence. So the equation for K(k; t, t′) is consistent with Kolmogorov’s energy spectrum.
A detailed analysis of VDIA theory for stationary, isotropic turbulence will be presented in
the next paper.
RANDOM GALILEAN TRANSFORMATION BASED MODIFICATION TO VDIA
EQUATIONS
We use Kraichnan’s concept of random Galilean invariance [6, 33, 51] and transform
Navier-Stokes (NS) equation. The transformed equation hereafter is referred to as random
Galilean Navier-Stokes (RGNS) equation. Now we present RGNS equation.
In reference frame S, we add a uniform Galilean velocity field vi to a realization of ui(k, t)
and obtain a homogeneous fluctuating turbulent field ui(k, t)v governed by(
∂
∂t
+ νk2
)
ui(k, t)v = −ιkjvjui(k, t)v +Mijm(k)
∑
p+q=k
uj(p, t)vum(q, t)v. (45)
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Following Kraichnan [6], consider vi to be statistically distributed over the ensemble of
infinite realizations with 〈vj〉 = 0 and statistically independent of ui(k, t). Also, assume
Gaussian distribution for vi for later simplicity with
v20 = 〈v21〉 = 〈v22〉 = 〈v23〉. (46)
The Eq. (45) with random Galilean velocity vi is referred to as RGNS equation. Also, the
continuity equation is
kjuj(k, t)v = 0. (47)
For homogeneous, isotropic turbulence, exact equations for various statistical properties
used in VDIA and now related to ui(k, t)v field may be obtained from Eqs. (45) and (47).
They can be written as
[
∂
∂t
+ νk2
]
U(k; t, t′)v =
(
D
2pi
)3
〈−ιkjvjui(k, t)vui(−k, t′)v〉+ S(k; t, t′)v, (48)
[
∂
∂t
+ 2νk2
]
U(k; t, t)v = 2S(k; t, t)v, (49)
(
∂
∂t
+ 2νk2
)
[K(k; t, t′)v]
2
= 2L(k; t, t′|t, t′)v, (50)
(
∂
∂t
+ νk2
)
GG(k; t, t′|t′′, t′)v = 1
2
〈−ιkjvjGˆin(k; t, t′)vGˆin(−k; t′′, t′)v〉
+L(k; t, t′|t′′, t′)v. (51)
The solutions of Eqs. (2) and (45) are related by
ui(k, t)v = exp [−ιkjvj(t− t0)]ui(k, t) (52)
and from which follow the exact random Galilean transformation (RGT) rules [6, 33, 51].
The RGT rules for statistical properties appearing in Eqs. (48)-(51) can be written as
U(k; t, t′)v = exp
[
−k
2v20
2
(t− t′)2
]
U(k; t, t′), (53)
S(k; t, t′)v = exp
[
−k
2v20
2
(t− t′)2
]
S(k; t, t′), (54)
GG(k; t, t′|t′′, t′)v = exp
[
−k
2v20
2
(t− t′′)2
]
GG(k; t, t′|t′′, t′), (55)
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L(k; t, t′|t′′, t′)v = exp
[
−k
2v20
2
(t− t′′)2
]
L(k; t, t′|t′′, t′), (56)
From Eq. (55) we obtain for t′′ = t,
GG(k; t, t′|t, t′)v = GG(k; t, t′|t, t′), K(k; t, t′)v = K(k; t, t′) (57)
and which suggest that K(k; t, t′) is not affected by random Galilean transformation velocity.
Using Eqs. (29), (55), and (57) ,we obtain
RG(k; t, t′|t′′, t′)v = exp
[
−k
2v20
2
(t− t′′)2
]
RG(k; t, t′|t′′, t′). (58)
Equations. (53), (54) and (56) suggests that random Galilean transformation velocity does
not affect U(k; t, t), S(k; t, t) and L(k; t, t′|t, t′), which can be written as
U(k; t, t)v = U(k; t, t), (59)
S(k; t, t)v = S(k; t, t), (60)
L(k; t, t′|t, t′)v = L(k; t, t′|t, t′), (61)
Modified equations for U(k; t, t) and K(k; t, t′)
Using Eqs. (53), (55), (57), it can be verified that the VDIA Eqs. (34)-(37) are not
compatible with RGT because
SV DIA(k; t, t)v 6= SV DIA(k; t, t), (62)
LV DIA(k; t, t)v 6= LV DIA(k; t, t), (63)
and which violate the rules of RGT as given by Eqs. (60) and (61). We now suggests
modified VDIA equations for U(k; t, t) and K(k; t, t′) by introducing adjustable functions
ΓU1 , Γ
U
2 , Γ
G
1 , Γ
G
2 in the expressions for the S
V DIA(k; t, t) and LV DIA(k; t, t). Then we suggest
different possibilities for these functions which would make the modified equations invariant
under RGT. The modified equations can be written as(
∂
∂t
+ 2νk2
)
U(k; t, t) = 2pik
ˆ ˆ
∆
dpdqpq
[ˆ t
0
a(k, p, q)K(k; t, s)U(p; t, s)U(q; t, s)ΓU1 ds
−
ˆ t
0
b(k, p, q)U(k; t, s)K(p; t, s)U(q; t, s)ΓU2 ds
]
, (64)
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and (
∂
∂t
+ 2νk2
)
[K(k; t, t′)]
2
= −2pi
ˆ ˆ
∆
dpdqkpqb(k, p, q)
[
ˆ t
t′
K(p; t, s)U(q; t, s)GG(k; t, t′|s, t′)ΓG2 ds
]
+4pi
ˆ ˆ
∆
dpdqkpqa(k, p, q)
[
ˆ t
t′
K(k; t, s)U(q; t, s)GG(p; t, t′|s, t′)ΓG1 ds
]
. (65)
A possible choice for functions ΓU1 , Γ
U
2 , Γ
G
1 , Γ
G
2 can be
ΓU1 =
1
RG (p; t, 0|s, 0)RG (q; t, 0|s, 0) , t > 0, s > 0, (66)
ΓU2 =
1
RG (k; t, 0|s, 0)RG (q; t, 0|s, 0) , t > 0, s > 0, (67)
ΓG1 =
1
RG (p; t, t′|s, t′)RG (q; t, t′|s, t′) , t > t
′, s > t′, (68)
ΓG2 =
1
RG (k; t, t′|s, t′)RG (q; t, t′|s, t′) , t > t
′, s > t′. (69)
It should be noted that Eqs. (66), (67) are valid for s > 0 and Eqs. (68), (69) are valid for
s > t′. So for s = 0 and s = t′ which are lower limits of integrals in Eqs. (64) and (65),
conditions of RGT are not satisfied. We should mention that these adjustable functions
remain valid when the distribution of random Galilean velocity vi is not Gaussian. In case
of non-Gaussian distribution of vi, the factor exp
[
−k2v20
2
(t− t′)2
]
should be replaced by
〈exp [−ιkjvj(t− t′)]〉 in various equations of RGT rules.
When vi has Gaussian distribution, another possible choice for functions Γ
U
1 , Γ
U
2 , Γ
G
1 , Γ
G
2
can be
ΓU1 =
1
RG
(√
p2 + q2; t, 0|s, 0
) , t > 0, s > 0 (70)
ΓU2 =
1
RG
(√
k2 + q2; t, 0|s, 0
) , t > 0, s > 0, (71)
ΓG1 =
1
RG
(√
p2 + q2; t, t′|s, t′
) , t > t′, s > t′, (72)
ΓG2 =
1
RG
(√
k2 + q2; t, t′|s, t′
) , t > t′, s > t′. (73)
We remind that these functions are valid for s > 0 and s > t′ and conditions of RGT are
not satisfied in Eqs. (64) and (65) when s = 0 and s = t′, respectively.
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Modified equations for U(k; t, t′) and GG(k; t, t′|t′′, t′)
It is easy to verify that the VDIA equations for U(k; t, t′) and GG(k; t, t′|t′′, t′) are not
compatible with RGT as
SV DIA(k; t, t′)v 6= exp
[
−k
2v20
2
(t− t′)2
]
SV DIA(k; t, t′), (74)
LV DIA(k; t, t′|t′′, t′)v 6= exp
[
−k
2v20
2
(t− t′′)2
]
LV DIA(k; t, t′|t′′, t′), (75)
and which violate the rules of RGT as given by Eqs. (54) and (56). Consider following
modified equations:
(
∂
∂t
+ νk2
)
U(k; t, t′) = pik
ˆ ˆ
∆
dpdqpq
[ˆ t′
0
a(k, p, q)K(k; t′, s)U(p; t, s)U(q; t, s)ΛU1 ds
−
ˆ t
0
b(k, p, q)U(k; t′, s)K(p; t, s)U(q; t, s)ΛU2 ds
]
, (76)
(
∂
∂t
+ νk2
)
GG(k; t, t′|t′′, t′) = −pi
ˆ ˆ
∆
dpdqkpqb(k, p, q)
[
ˆ t
t′
K(p; t, s)U(q; t, s)GG(k; s, t′|t′′, t′)ΛG2 ds
]
+2pi
ˆ ˆ
∆
dpdqkpqa(k, p, q)
[
ˆ t′′
t′
K(k; t′′, s)U(q; t, s)GG(p; t, t′|s, t′)ΛG1 ds
]
. (77)
A possible choice for functions ΛU1 , Λ
U
2 , Λ
G
1 , Λ
G
2 for satisfying RGT conditions is
ΛU1 =
RG(k; t, 0|t′, 0)
RG (p; t, 0|s, 0)RG (q; t, 0|s, 0) , t > 0, s > 0, t
′ > 0, (78)
ΛU2 =
RG(k; t, 0|t′, 0)
RG (k; t′, 0|s, 0)RG (q; t, 0|s, 0) , t > 0, s > 0, t
′ > 0, (79)
ΛG1 =
RG(k; t, s|t′′, s)
RG (p; t, t′|s, t′)RG (q; t, t′|s, t′) , t > t
′, s > t′, s < t′′, s < t (80)
ΛG2 =
RG(k; t, s|t′′, s)
RG (k; t′′, t′|s, t′)RG (q; t, t′|s, t′) , t > t
′, s > t′, s < t′′, s < t. (81)
It should be noted that for t′ = t, Eqs. (78), (79) for ΛU1 , Λ
U
2 become identical to Eqs. (66),
(67) for ΓU1 , Γ
U
2 , respectively. Also, for t
′′ = t, Eqs. (80), (81) for ΛG1 , Λ
G
2 become identical
to Eqs. (68), (69) for ΓG1 , Γ
G
2 , respectively. When s = 0, RGT conditions are not satisfied
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in Eq. (76). And for s = t′, s = t′′, s = t, conditions of RGT are not satisfied in Eq. (77).
We should mentoin that these adjustable functions remain valid in case of non-Gaussian
distribution for vi.
For future reference, hereafter we refer to these RGT compatible (with a few restrictions
as discussed above) modified VDIA equations as Invariant-VDIA (I-VDIA) equations.
CONCLUDING REMARKS
In this paper, we have solved closure problem of turbulence by suggesting a new Eulerian
theory, namely VDIA, within the framwork of Kraichnan’s DIA theory. The VDIA theory
is cosistent with Kolmogorov’s energy spectrum. The VDIA equation for K(k; t, t′) does not
have divergence and is compatible with the scaling −5/3 of Kolmogorov’s energy spectrum.
Further, a modified version of VDIA, namely, I-VDIA is suggested in which concepts of
random Galilean transformation are implemented. The I-VDIA equations are compatible
with rules of random Galilean transformation, except at time values which are limits of
integral terms in these equations. We should mention that VDIA and I-VDIA do preserve
the conservation of energy among any triad interaction of Fourier modes [2]. The analysis
of VDIA theory in case of stationary, isotropic turbulence will be presented in the next
paper. Also, the numerical assessment of VDIA and I-VDIA against numerical solution of
NS equation will be considered in future work.
APPENDIX
The DIA equation for GGinab(k; t, t
′| − k; t, t′) for t > t′ can be written as
(
∂
∂t
+ 2νk2
)
GGinab(k; t, t
′| − k; t, t′) = Linab(k,−k; t, t′) (82)
where
Linab(k,−k; t, t′) = 4Mijm(k)
∑
p+q=k
[
Msdc(−k)
ˆ t
t′
Gas(−k; t, t′′)Qjd(p,−p; t, t′′)GGmncb(q; t, t′| − q; t′′, t′)dt′′
+ Msdc(q)
ˆ t
t′
Gms(q; t, t
′′)Qjd(p,−p; t, t′′)GGcnab(k; t′′, t′| − k; t, t′)dt′′
]
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+ 4Majm(−k)
∑
p+q=−k
[
Msdc(k)
ˆ t
t′
Gis(k; t, t
′′)Qjd(p,−p; t, t′′)GGmbcn(q; t, t′| − q; t′′, t′)dt′′
+ Msdc(q)
ˆ t
t′
Gms(q; t, t
′′)Qjd(p,−p; t, t′′)GGincb(k; t, t′| − k; t′′, t′)dt′′
]
.(83)
The DIA equation for GGinab(k; t, t
′| − k; t′′, t′) for t > t′, t′′ > t′ can be written as(
∂
∂t
+ 2νk2
)
GGinab(k; t, t
′| − k; t′′, t′) = Jinab(k,−k; t, t′, t′′) (84)
where
Jinab(k,−k; t, t′, t′′) = 4Mijm(k)
∑
p+q=k
[
Msdc(−k)
ˆ t′′
t′
Gas(−k; t′′, s)Qjd(p,−p; t, s)GGmncb(q; t, t′| − q; s, t′)ds
]
+ 4Mijm(k)
∑
p+q=k
[
Msdc(q)
ˆ t
t′
Gms(q; t, s)Qjd(p,−p; t, s)GGabcn(−k; t′′, t′|k; s, t′)ds
]
. (85)
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